Some sufficient conditions for biholomorphic convex mappings on Bpn  by Liu, Ming-Sheng & Zhu, Yu-Can
J. Math. Anal. Appl. 316 (2006) 210–228
www.elsevier.com/locate/jmaa
Some sufficient conditions for biholomorphic
convex mappings on Bnp ✩
Ming-Sheng Liu a,∗, Yu-Can Zhu b
a School of Mathematical Science, South China Normal University, Guangzhou, 510631 Guangdong, PR China
b Department of Mathematics, Fuzhou University, Fuzhou, 350002 Fujian, PR China
Received 4 September 2004
Available online 25 May 2005
Submitted by J. Noguchi
Abstract
A few biholomorphic convex mappings on the unit ball in Cn for n > 1 are known. In this paper,
we shall prove some sufficient conditions for biholomorphic convex mappings on Reinhardt domain
Bnp in Cn. Some results of Roper and Suffridge, Hamada and Kohr on Bn2 are extended to B
n
p . From
these, we may construct some concrete biholomorphic convex mappings on Bnp .
 2005 Elsevier Inc. All rights reserved.
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1. Introduction and preliminaries
Let Cn be the space of n-complex variables z = (z1, z2, . . . , zn) with the usual inner
product 〈z,w〉 =∑nj=1 zjwj , where w = (w1,w2, . . . ,wn) ∈ Cn. Suppose that p > 1, we
introduce the norm of Cn such that ‖z‖p = (∑nj=1 |zj |p)1/p , and let Reinhardt domain
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√〈z, z〉 and ∆ = B1p = {z ∈ C:
|z| < 1} be the unit disc in C.
Let H(Bnp) be the class of f (z) = (f1(z), . . . , fn(z)), z = (z1, . . . , zn) ∈ Cn, which
are holomorphic mappings on Reinhardt domain Bnp in Cn. If f ∈ H(Bnp), then for every
k = 0,1, . . . , there is a bounded symmetric k-linear operator Dkf (0) : Cn × Cn × · · · ×
Cn → Cn such that
f (z) =
∞∑
k=0
Dkf (0)
k!
(
zk
)
for z ∈ Bnp , where D0f (0)(z0) = f (0),Dkf (0)(zk) = Dkf (0)(z, z, . . . , z). A mapping
f ∈ H(Bnp) is said to be local biholomorphic in Bnp if f has a local inverse at each point
z ∈ Bnp or, equivalently, if the first Fréchet derivative
Df (z) =
(
∂fj (z)
∂zk
)
1j,kn
is nonsingular at each point in Bnp .
The second Fréchet derivative of a mapping f ∈ H(Bnp) is a symmetric bilinear operator
D2f (z)(·,·) on Cn × Cn, and D2f (z)(z, ·) is the linear operator obtained by restricting
D2f (z) to {z} ×Cn. The matrix representation of D2f (z)(b, ·) is
D2f (z)(b, ·) =
(
n∑
l=1
∂2fj (z)
∂zk∂zl
bl
)
1j,kn
,
where f (z) = (f1(z), . . . , fn(z)), b = (b1, . . . , bn) ∈ Cn.
Let N(Bnp) denote the class of all local biholomorphic mappings f :Bnp → Cn such that
f (0) = 0,Df (0) = I , where I is the unit matrix of n×n. If f ∈ N(Bnp) is a biholomorphic
mapping on Bnp and f (Bnp) is a convex domain in Cn, then we say that f is a biholomor-
phic convex mapping on Bnp . The class of all biholomorphic convex mappings on Bnp with
f (0) = 0, Df (0) = I is denoted by K(Bnp). In particular, we let K = K(B1p). In addition,
let H(∆) = {f :∆ → C are analytic in ∆ with f (0) = 0, f ′(0) = 1}, then
f ∈ K ⇐⇒ f ∈ H(∆) and Re
{
zf ′′(z)
f ′(z)
+ 1
}
> 0 (∀z ∈ ∆).
It is not easy to construct concrete biholomorphic convex mappings on some domains
in Cn, even if on the unit ball Bn2 . Until a few years ago, we only know a few concrete
examples about the convex mappings on Bn2 . Roper–Suffridge [8] proved that: If f ∈ K
and F(z1, z2) = (f (z1),
√
f ′(z1)z2), then F ∈ K(B22 ). From this, we may construct a lots
of concrete examples about the convex mappings on B22 . However, its proof is very com-
plex. They also gave two concrete examples of convex mappings on B22 in [9]. Moreover,
Professor Gong Sheng and Professor Liu Taishun [2,3] generalized Roper–Suffridge op-
erator to Reinhardt domain Dp = {z = (z1, z2, . . . , zn) ∈ Cn: ∑nj=1 |zj |pj < 1}, where
p1 = 2,p2  1,p3  1, . . . , pn  1. But according to Lemma 2, none of these concrete
examples belong to K(Bnp) (p > 2). Hence, at present, we only know a few concrete ex-
amples about the convex mappings on Bnp . It is rather hard to construct concrete examples
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holomorphic convex mappings on Bnp . The object of this paper is to prove some sufficient
conditions for biholomorphic convex mappings on Bnp . From these, we construct some
concrete biholomorphic convex mappings on Reinhardt domain Bnp . In order to derive our
main results, we need the following lemmas.
Lemma 1 [11]. Suppose that p  2,
u(z) =
n∑
j=1
|zj |p
and f ∈ N(Bnp). Then f ∈ K(Bnp) if and only if for any z = (z1, . . . , zn) ∈ Bnp and b =
(b1, . . . , bn) ∈ Cn such that Re〈b, ∂u∂z 〉 = 0, we have
Jf (z, b) = Re
{
p2
4
n∑
k=1
|zk|p−2|bk|2 + p2
(
p
2
− 1
) n∑
k=1
|zk|p
z2k
b2k
−
〈
Df (z)−1D2f (z)(b, b), ∂u
∂z
〉}
 0,
where ∂u
∂z
= ( ∂u
∂z1
, . . . , ∂u
∂zn
).
Setting p = 2 in Lemma 1, we get the conclusion of [1,4]: Let f ∈ N(Bn2 ). Then
f ∈ K(Bn2 ) if and only if for any z = (z1, . . . , zn) ∈ Bn2 and b = (b1, . . . , bn) such that
Re〈b, z〉 = 0, we have ‖b‖2 − Re〈Df (z)−1D2f (z)(b, b), z〉 0.
Lemma 2 [1,6]. Suppose that p > 2 and k is a positive integer such that k < p  k + 1. If
f ∈ K(Bnp), then
f (z) =


z1
z2
...
zn

+


a12z
2
1
a22z
2
2
...
an2z2n

+ · · · +


a1kz
k
1
a2kz
k
2
...
ankz
k
n

+O(‖z‖k+1),
where |aij | 1, 1 i  n, 2 j  k.
Lemma 3. Suppose that w :Bn2 (r) → Cn is a holomorphic mapping with w(z) =∑∞
k=m+1 1k!D
kw(0)(zk) and∥∥w(z0)∥∥= max‖z‖‖z0‖<r
∥∥w(z)∥∥,
where Bn2 (r) = {z: ‖z‖ =
√〈z, z〉 < r}, then there exists a real number t m+1 such that〈
Dw(z0)(z0),w(z0)
〉= t∥∥w(z0)∥∥2,
Re
〈
D2w(z0)(z0, z0),w(z0)
〉
 t (t − 1)∥∥w(z0)∥∥2.
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ψ(ξ) =
〈
w
(
ξ
‖z0‖z0
)
,w(z0)
〉
, ξ ∈ C,
then ψ(ξ) = ∑∞k=m+1 akξk is an analytic function in the disc U = {ξ : |ξ | < r}, and
ψ(‖z0‖) = ‖w(z0)‖2,∣∣ψ(‖z0‖)∣∣= max|ξ |‖z0‖
∣∣ψ(ξ)∣∣.
By Lemma A in [7], there exists a real number t m+ 1 such that
‖z0‖ψ ′
(‖z0‖)= tψ(‖z0‖), Re ‖z0‖ψ ′′(‖z0‖)
ψ ′(‖z0‖)  t − 1.
Since
ψ ′
(‖z0‖)=
〈
Dw(z0)
(
z0
‖z0‖
)
,w(z0)
〉
,
ψ ′′
(‖z0‖)=
〈
D2w(z0)
(
z0
‖z0‖ ,
z0
‖z0‖
)
,w(z0)
〉
,
then 〈
Dw(z0)(z0),w(z0)
〉= t∥∥w(z0)∥∥2,
Re
〈
D2w(z0)(z0, z0),w(z0)
〉
 t (t − 1)∥∥w(z0)∥∥2,
and the proof is complete. 
2. Main results
Theorem 1. Suppose that n  2, p  2, q = p/(p − 1) and fj :∆ → C are analytic
on ∆ with fj (0) = f ′j (0) = 0 (j = 1,2, . . . , n − 1), pj (ζ ) ∈ H(∆) satisfy the conditions
p′j (ζ ) = 0, and |ζp′′j (ζ )| |p′j (ζ )| (ζ ∈ ∆, j = 1,2, . . . , n). Let
f (z) = (p1(z1)+ f1(zn),p2(z2)+ f2(zn), . . . , pn−1(zn−1)+ fn−1(zn),pn(zn)).
If for any z = (z1, . . . , zn) ∈ Bnp , we have
(
1 − |zn|p
)1/q( n−1∑
j=1
∣∣∣∣f
′′
j (zn)
p′j (zj )
∣∣∣∣
p
)1/p
+ (1 − |zn|p)1/q
(
n−1∑
j=1
∣∣∣∣f
′
j (zn)
p′j (zj )
∣∣∣∣
p∣∣∣∣p′′n(zn)p′n(zn)
∣∣∣∣
p
)1/p

(
1 −
∣∣∣∣znp′′n(zn)p′n(zn)
∣∣∣∣
)
|zn|p−2,
then f ∈ K(Bnp).
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Df (z) =


p′1(z1) 0 · · · 0 f ′1(zn)
0 p′2(z2) · · · 0 f ′2(zn)· · · · · · · · · · · · · · ·
0 0 · · · p′n−1(zn−1) f ′n−1(zn)
0 0 · · · 0 p′n(zn)

 ,
Df (z)−1 =


1
p′1(z1)
0 · · · 0 − f ′1(zn)
p′1(z1)p′n(zn)
0 1
p′2(z2)
· · · 0 − f ′2(zn)
p′2(z2)p′n(zn)· · · · · · · · · · · · · · ·
0 0 · · · 1
p′n−1(zn−1)
− f ′n−1(zn)
p′n−1(zn−1)p′n(zn)
0 0 · · · 0 1
p′n(zn)


,
D2f (z)(b, b) =


p′′1(z1)b1 0 · · · 0 f ′′1 (zn)bn
0 p′′2(z2)b2 · · · 0 f ′′2 (zn)bn· · · · · · · · · · · · · · ·
0 0 · · · p′′n−1(zn−1)bn−1 f ′′n−1(zn)bn
0 0 · · · 0 p′′n(zn)bn




b1
b2
· · ·
bn−1
bn


=


p′′1(z1)b21 + f ′′1 (zn)b2n
p′′2(z2)b22 + f ′′2 (zn)b2n· · ·
p′′n−1(zn−1)b2n−1 + f ′′n−1(zn)b2n
p′′n(zn)b2n

 .
Taking z = (z1, . . . , zn) ∈ Bnp , b = (b1, . . . , bn) ∈ Cn such that Re〈b, ∂u∂z 〉 = 0, we obtain
2
p
Jf (z, b)
n∑
j=1
|bj |2|zj |p−2 − 2
p
Re
〈
Df (z)−1D2f (z)(b, b), ∂u
∂z
〉
=
n∑
j=1
|bj |2|zj |p−2
− Re
{
n−1∑
j=1
[
p′′j (zj )
p′j (zj )
b2j +
f ′′j (zn)
p′j (zj )
b2n −
f ′j (zn)p′′n(zn)b2n
p′j (zj )p′n(zn)
] |zj |p
zj
+ p
′′
n(zn)
p′n(zn)
b2n
|zn|p
zn
}

n−1∑
j=1
|bj |2|zj |p−2
[
1 −
∣∣∣∣zjp
′′
j (zj )
p′j (zj )
∣∣∣∣
]
+ |bn|2
[(
1 −
∣∣∣∣znp′′n(zn)p′n(zn)
∣∣∣∣
)
|zn|p−2
−
n−1∑∣∣∣∣f
′′
j (zn)
p′j (zj )
∣∣∣∣|zj |p−1 −
n−1∑∣∣∣∣f
′
j (zn)
p′j (zj )
∣∣∣∣
∣∣∣∣p′′n(zn)p′n(zn)
∣∣∣∣|zj |p−1
]
.j=1 j=1
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n−1∑
j=1
∣∣∣∣f
′′
j (zn)
p′j (zj )
∣∣∣∣|zj |p−1 
(
n−1∑
j=1
∣∣∣∣f
′′
j (zn)
p′j (zj )
∣∣∣∣
p
)1/p( n−1∑
j=1
|zj |(p−1)q
)1/q

(
n−1∑
j=1
∣∣∣∣f
′′
j (zn)
p′j (zj )
∣∣∣∣
p
)1/p(
1 − |zn|p
)1/q
,
and
n−1∑
j=1
∣∣∣∣f
′
j (zn)
p′j (zj )
∣∣∣∣
∣∣∣∣p′′n(zn)p′n(zn)
∣∣∣∣|zj |p−1 
(
n−1∑
j=1
∣∣∣∣f
′
j (zn)
p′j (zj )
∣∣∣∣
p∣∣∣∣p′′n(zn)p′n(zn)
∣∣∣∣
p
)1/p( n−1∑
j=1
|zj |(p−1)q
)1/q

(
n−1∑
j=1
∣∣∣∣f
′
j (zn)
p′j (zj )
∣∣∣∣
p∣∣∣∣p′′n(zn)p′n(zn)
∣∣∣∣
p
)1/p(
1 − |zn|p
)1/q
.
Hence we conclude from the above inequalities and the hypothesis of Theorem 1 that
2
p
Jf (z, b) |bn|2
[(
1 −
∣∣∣∣znp′′n(zn)p′n(zn)
∣∣∣∣
)
|zn|p−2 −
(
1 − |zn|p
)1/q( n−1∑
j=1
∣∣∣∣f
′′
j (zn)
p′j (zj )
∣∣∣∣
p
)1/p
− (1 − |zn|p)1/q
(
n−1∑
j=1
∣∣∣∣f
′
j (zn)
p′j (zj )
∣∣∣∣
p∣∣∣∣p′′n(zn)p′n(zn)
∣∣∣∣
p
)1/p]
 0
for all z = (z1, . . . , zn) ∈ Bnp , b = (b1, . . . , bn) such that Re〈b, ∂u∂z 〉 = 0.
By Lemma 1, we obtain that f ∈ K(Bnp), and the proof is complete. 
Remark 1. Setting pj (ξ) = ξ (j = 1,2, . . . , n) in Theorem 1, we get Theorem 2 of [12].
Setting fj (ζ ) ≡ 0 (j = 1,2, . . . , n− 1) in Theorem 1, we get Theorem 4 of [12].
Example 1. Suppose that p  2,0 < |λ| 1 and k is a positive integer such that k < p 
k + 1, let
f (z) =
(
z1 + a′1z21 + a1zk+1n + b1zk+2n , . . . ,
zn−1 + a′n−1z2n−1 + an−1zk+1n + bn−1zk+2n ,
eλzn − 1
λ
)
,
and
M(p) =


(1−2c)p(1−|λ|)p
(k+1+|λ|)p , p = k + 1,
(1−2c)pkk(1−|λ|)p
(k+1+|λ|)p(p−1)p−1(k−p+1)k−p+1 , k < p < k + 1,
where c = max{|a′j |: j = 1,2, . . . , n− 1}. If c 1/4 and
n−1∑
j=1
[
(k + 1)|aj | + (k + 2)|bj |
]p M(p),
then f (z) ∈ K(Bnp).
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1,2, . . . , n− 1), then
p′n(zn) = eλzn, p′′n(zn) = λp′n(zn), p′j (ξ) = 1 + 2a′j ξ, p′′j (ξ) = 2a′j ,
f ′j (ξ) = (k + 1)aj ξk + (k + 2)bj ξk+1,
f ′′j (ξ) = (k + 1)kaj ξk−1 + (k + 2)(k + 1)bj ξk,
so it follows from |a′j | c 1/4 that∣∣zjp′′j (zj )∣∣= 2∣∣a′j ∣∣|zj | 1 − 2∣∣a′j ∣∣|zj | ∣∣p′j (zj )∣∣, j = 1,2, . . . , n− 1,
and ∣∣∣∣znp′′n(zn)p′n(zn)
∣∣∣∣= |λ||zn| < |λ| 1.
Since c = max{|a′j |: j = 1,2, . . . , n − 1}  1/4, then we have |p′j (zj )|  1 − 2c > 0.
Hence(
n−1∑
j=1
∣∣∣∣f
′
j (zn)
p′j (zj )
∣∣∣∣
p∣∣∣∣p′′n(zn)p′n(zn)
∣∣∣∣
p
)1/p
 |λ|
1 − 2c
{
n−1∑
j=1
[
(k + 1)|aj | + (k + 2)|bj |
]p}1/p|zn|k−1,
(
n−1∑
j=1
∣∣∣∣f
′′
j (zn)
p′j (zj )
∣∣∣∣
p
)1/p
 k + 1
1 − 2c
{
n−1∑
j=1
[
k|aj | + (k + 2)|bj |
]p}1/p|zn|k−1
 k + 1
1 − 2c
{
n−1∑
j=1
[
(k + 1)|aj | + (k + 2)|bj |
]p}1/p|zn|k−1.
Set q = p/(p − 1), then
(
1 − |zn|p
)1/q( n−1∑
j=1
∣∣∣∣f
′
j (zn)
p′j (zj )
∣∣∣∣
p∣∣∣∣p′′n(zn)p′n(zn)
∣∣∣∣
p
)1/p
 |λ|
1 − 2c
{
n−1∑
j=1
[
(k + 1)|aj | + (k + 2)|bj |
]p}1/p
ϕ
(|zn|)|zn|p−2,
(
1 − |zn|p
)1/q( n−1∑
j=1
∣∣∣∣f
′′
j (zn)
p′j (zj )
∣∣∣∣
p
)1/p
 k + 1
1 − 2c
{
n−1∑
j=1
[
(k + 1)|aj | + (k + 2)|bj |
]p}1/p
ϕ
(|zn|)|zn|p−2,
where ϕ(x) = (1 − xp)1/qxk−p+1, x ∈ [0,1].
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max
0x1
ϕ(x) = 1.
When k < p < k + 1, we have 0 < k − p + 1 < 1, and
ϕ′(x) = (1 − xp)1/q−1xk−p[(k − p + 1)− kxp],
so
max
0x1
ϕ(x) = ϕ
(
p
√
k − p + 1
k
)
=
(
p − 1
k
)1/q(
k − p + 1
k
)(k−p+1)/p
.
Hence when
∑n−1
j=1[(k + 1)|aj | + (k + 2)|bj |]p M(p), we have
(
1 − |zn|p
)1/q( n−1∑
j=1
∣∣∣∣f
′′
j (zn)
p′j (zj )
∣∣∣∣
p
)1/p
+ (1 − |zn|p)1/q
(
n−1∑
j=1
∣∣∣∣f
′
j (zn)
p′j (zj )
∣∣∣∣
p∣∣∣∣p′′n(zn)p′n(zn)
∣∣∣∣
p
)1/p

(
1 −
∣∣∣∣znp′′n(zn)p′n(zn)
∣∣∣∣
)
|zn|p−2, zj ∈ ∆, j = 1,2, . . . , n.
By Theorem 1, we obtain that f ∈ K(Bnp). 
Example 2. Suppose that p  2 and k is a positive integer such that k < p  k + 1, let
f (z) = (z1 + a′1z21 + a1zk+1n + b1zk+2n , . . . ,
zn−1 + a′n−1z2n−1 + an−1zk+1n + bn−1zk+2n , zn + a′nz2n
)
,
and
M ′(p) =


(1−2c)p(1−4|a′n|)p
(k+1−2k|a′n|)p , p = k + 1,
(1−2c)pkk(1−4|a′n|)p
(k+1−2k|a′n|)p(p−1)p−1(k−p+1)k−p+1 , k < p < k + 1,
where c = max{|a′j |: j = 1,2, . . . , n}. If c 1/4 and
n−1∑
j=1
[
(k + 1)|aj | + (k + 2)|bj |
]p M ′(p),
then f (z) ∈ K(Bnp).
Example 3. Suppose that p  2 and k is a positive integer such that k < p  k + 1, let
f (z) = (z1 + a′1z21 + a1zk+1n + b1zk+2n , . . . ,
zn−1 + a′n−1z2n−1 + an−1zk+1n + bn−1zk+2n , zn
)
,
M ′′(p) =
{
(1−2c)p
(k+1)p , p = k + 1,
(1−2c)pkk
p p−1 k−p+1 , k < p < k + 1,(k+1) (p−1) (k−p+1)
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n−1∑
j=1
[
k|aj | + (k + 2)|bj |
]p M ′′(p),
then f (z) ∈ K(Bnp).
Theorem 2. Suppose that n 2, p  2 and k is a positive integer such that k < p  k + 1.
Let
f (z) = (f1(z1, z2, . . . , zn), f2(z2), . . . , fn(zn)),
where z = (z1, z2, . . . , zn) ∈ Bnp , fj ∈ H(∆) (j = 2,3, . . . , n), and f1(z1, . . . , zn) :
Bnp → C is holomorphic with
f1(0,0, . . . ,0) = 0, ∂f1
∂z1
(0,0, . . . ,0) = 1.
If f satisfies the following conditions
∂f1
∂z1
·
n∏
j=2
f ′j (zj ) = 0,
n∑
j=1
∣∣∣∣z1 ∂2f1∂z1∂zj
∣∣∣∣
∣∣∣∣ ∂f1∂z1
∣∣∣∣,
|z1|p−1
∣∣∣∣∣
∂f1
∂zj
· f
′′
j (zj )
f ′j (zj )
∂f1
∂z1
∣∣∣∣∣+ |z1|p−1
n∑
l=1
∣∣∣∣∣
∂2f1
∂zj ∂zl
∂f1
∂z1
∣∣∣∣∣
(
1 −
∣∣∣∣zjf
′′
j (zj )
f ′j (zj )
∣∣∣∣
)
· |zj |p−2,
j = 2, . . . , n
for all z = (z1, . . . , zn) ∈ Bnp , then f ∈ K(Bnp) and ∂
j f1
∂z
j
i
(z1,0, . . . ,0) = 0, ∀1  j  k,
i = 2,3, . . . , n.
Proof. By straightforward calculating the Fréchet derivatives of f (z), we obtain
Df (z) =


∂f1
∂z1
∂f1
∂z2
· · · ∂f1
∂zn−1
∂f1
∂zn
0 f ′2(z2) · · · 0 0· · · · · · · · · · · · · · ·
0 0 · · · f ′n−1(zn−1) 0
0 0 · · · 0 f ′n(zn)

 ,
Df (z)−1 =


1
∂f1
∂z1
−
∂f1
∂z2
∂f1
∂z1
f ′2(z2)
· · · −
∂f1
∂zn−1
∂f1
∂z1
f ′n−1(zn−1)
−
∂f1
∂zn
∂f1
∂z1
f ′n(zn)
0 1
f ′2(z2)
· · · 0 0
· · · · · · · · · · · · · · ·
0 0 · · · 1
f ′n−1(zn−1)
0
0 0 · · · 0 1


,f ′n(zn)
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

∑n
l=1
∂2f1
∂z1∂zl
bl
∑n
l=1
∂2f1
∂z2∂zl
bl · · ·
∑n
l=1
∂2f1
∂zn−1∂zl bl
∑n
l=1
∂2f1
∂zn∂zl
bl
0 f ′′2 (z2)b2 · · · 0 0· · · · · · · · · · · · · · ·
0 0 · · · f ′′
n−1(zn−1)bn−1 0
0 0 · · · 0 f ′′n (zn)bn




b1
b2
· · ·
bn−1
bn


=


∑n
k=1
∑n
l=1
∂2f1
∂zk∂zl
bkbl
f ′′2 (z2)b22· · ·
f ′′n−1(zn−1)b2n−1
f ′′n (zn)b2n

 .
Taking z = (z1, . . . , zn) ∈ Bnp , b = (b1, . . . , bn) ∈ Cn such that Re〈b, ∂u∂z 〉 = 0, by the hy-
pothesis of Theorem 2, we have
2
p
Jf (z, b)
n∑
j=1
|bj |2|zj |p−2 − 2
p
Re
〈
Df (z)−1D2f (z)(b, b), ∂u
∂z
〉
=
n∑
j=1
|bj |2|zj |p−2 − Re
{
1
∂f1
∂z1
[
n∑
k=1
n∑
l=1
∂2f1
∂zk∂zl
bkbl −
n∑
k=2
∂f1
∂zk
f ′′k (zk)
f ′k(zk)
b2k
]
|z1|p
z1
+
n∑
j=2
f ′′j (zj )
f ′j (zj )
b2j
|zj |p
zj
}

n∑
j=1
|bj |2|zj |p−2 −
n∑
j=2
∣∣∣∣f
′′
j (zj )
f ′j (zj )
∣∣∣∣|bj |2|zj |p−1
− 1| ∂f1
∂z1
|
[
n∑
k=1
n∑
l=1
∣∣∣∣ ∂2f1∂zk∂zl
∣∣∣∣|bk||bl | +
n∑
k=2
∣∣∣∣ ∂f1∂zk
∣∣∣∣
∣∣∣∣f ′′k (zk)f ′k(zk)
∣∣∣∣|bk|2
]
|z1|p−1

n∑
j=1
|bj |2|zj |p−2 −
n∑
j=2
∣∣∣∣f
′′
j (zj )
f ′j (zj )
∣∣∣∣|bj |2|zj |p−1
− 1| ∂f1
∂z1
|
[
n−1∑
k=1
n∑
l=k+1
∣∣∣∣ ∂2f1∂zk∂zl
∣∣∣∣ · 2|bk||bl | +
n∑
k=1
∣∣∣∣∂2f1∂z2k
∣∣∣∣|bk|2
+
n∑
k=2
∣∣∣∣ ∂f1∂zk
∣∣∣∣
∣∣∣∣f ′′k (zk)f ′k(zk)
∣∣∣∣|bk|2
]
|z1|p−1

n∑
j=1
|bj |2|zj |p−2 −
n∑
j=2
∣∣∣∣f
′′
j (zj )
f ′j (zj )
∣∣∣∣|bj |2|zj |p−1
− 1| ∂f1 |
[
n−1∑ n∑ ∣∣∣∣ ∂2f1∂zk∂zl
∣∣∣∣(|bk|2 + |bl |2)+
n∑∣∣∣∣∂2f1∂z2
∣∣∣∣|bk|2
∂z1 k=1 l=k+1 k=1 k
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n∑
k=2
∣∣∣∣ ∂f1∂zk
∣∣∣∣
∣∣∣∣f ′′k (zk)f ′k(zk)
∣∣∣∣|bk|2
]
|z1|p−1
= |b1|2|z1|p−2 +
n∑
j=2
|bj |2|zj |p−2
[
1 −
∣∣∣∣zjf
′′
j (zj )
f ′j (zj )
∣∣∣∣
]
− 1| ∂f1
∂z1
|
[
n−1∑
k=1
n∑
l=k+1
∣∣∣∣ ∂2f1∂zk∂zl
∣∣∣∣|bk|2 +
n∑
l=2
l−1∑
k=1
∣∣∣∣ ∂2f1∂zk∂zl
∣∣∣∣|bl |2
+
n∑
k=1
∣∣∣∣∂2f1∂z2k
∣∣∣∣|bk|2 +
n∑
k=2
∣∣∣∣ ∂f1∂zk
∣∣∣∣
∣∣∣∣f ′′k (zk)f ′k(zk)
∣∣∣∣|bk|2
]
|z1|p−1
 |b1|2|z1|p−2
[
1 −
n∑
j=1
∣∣∣∣z1
∂2f1
∂z1∂zj
∂f1
∂z1
∣∣∣∣
]
+
n∑
j=2
|bj |2
{
|zj |p−2
[
1 −
∣∣∣∣zjf
′′
j (zj )
f ′j (zj )
∣∣∣∣
]
− |z1|p−1
∣∣∣∣
∂f1
∂zj
· f
′′
j (zj )
f ′j (zj )
∂f1
∂z1
∣∣∣∣− |z1|p−1
n∑
k=1
∣∣∣∣
∂2f1
∂zj ∂zk
∂f1
∂z1
∣∣∣∣
}
 0.
Hence by Lemma 1, we obtain that f ∈ K(Bnp).
Finally, by Lemma 2, we obtain that ∂
j f1
∂z
j
i
(z1,0, . . . ,0) = 0, ∀1 j  k, i = 2,3, . . . , n,
and the proof is complete. 
Remark 2. Setting f1(z1, z2, . . . , zn) ≡ f1(z1) ∈ H(∆) in Theorem 2, we get Theorem 4
of [12].
Example 4. Suppose that p  2, 0 < |λ| < 1 and k is a positive integer such that k < p 
k + 1, and
f (z) =
(
z1 + az1zk+1n ,
eλz2 − 1
λ
, . . . ,
eλzn − 1
λ
)
.
If |a| 1−|λ|
(k+1)(k+1+|λ|)+1−|λ| , then f (z) ∈ K(Bnp).
Corollary 1. Suppose that n 2,p  2, and let
f (z1, z2, . . . , zn) =
(
f1(z1, z2, . . . , zn), z2, . . . , zn
)
,
where f1(z1, . . . , zn) :Bnp → C is holomorphic with f1(0,0, . . . ,0) = 0, ∂f1∂z1 (0,0, . . . ,0)= 1. If for any z = (z1, . . . , zn) ∈ Bnp \ {0}, we have
∂f1
∂z1
= 0, |z1|p−1
n∑
l=1
∣∣∣∣ ∂2f1∂zj ∂zl
∣∣∣∣
∣∣∣∣ ∂f1∂z1
∣∣∣∣|zj |p−2, j = 1,2, . . . , n,
then f ∈ K(Bnp).
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and let
f (z) = (z1 + a2z1zk+12 + a3z1zk+13 + · · · + anz1zk+1n , z2, . . . , zn).
If
∑n
j=2 |aj | 1/((k + 1)2 + 1), then f (z) ∈ K(Bnp).
Example 6. Suppose that aij = aji (i, j = 1,2, . . . , n), and
f (z1, z2, . . . , zn) =
(
z1 +
n∑
j,l=1
ajlzj zl, z2, . . . , zn
)
.
If
∑n
l=1 |ajl | +
∑n
l=1 |a1l | 1/2 (j = 1,2, . . . , n), then f ∈ K(Bn2 ).
Proof. Let f1(z1, z2, . . . , zn) = z1 +∑nj,l=1 ajlzj zl , then for each j, l = 1,2, . . . , n, we
have
∂f1
∂zj
= δj1 + 2
n∑
u=1
ajuzu,
∂f1
∂zj ∂zl
= 2ajl,
where, δj1 = 1 if j = 1, and δj1 = 0 if j = 2,3, . . . , n.
If a1l = 0 (l = 1,2, . . . , n), then ∂f1∂z1 = 1. Otherwise, for any (z1, z2, . . . , zn) ∈ Bn2 , we
have ∣∣∣∣ ∂f1∂z1
∣∣∣∣ 1 − 2
n∑
l=1
|a1l ||zl | 1 − 2
n∑
l=1
|a1l | 2
n∑
l=1
|a1l | > 0,
that is, ∂f1
∂z1
= 0 for all (z1, z2, . . . , zn) ∈ Bn2 .
On the other hand,
|z1|
n∑
l=1
∣∣∣∣ ∂f1∂zj ∂zl
∣∣∣∣ 2
n∑
l=1
|ajl | 1 − 2
n∑
l=1
|a1l |
∣∣∣∣ ∂f1∂z1
∣∣∣∣, j = 1,2, . . . , n.
Hence by Corollary 1, we obtain that f ∈ K(Bn2 ), and the proof is complete. 
Theorem 3. Suppose that p  2 and f ∈ N(Bnp). If for any b = (b1, . . . , bn) ∈ Cn and
z = (z1, . . . , zn) ∈ Bnp such that Re〈b, ∂u∂z 〉 = 0, we have
∥∥Df (z)−1D2f (z)(b, b)∥∥
p

n∑
j=1
|bj |2|zj |p−2, (1)
then f ∈ K(Bnp).
Proof. According to the hypothesis of Theorem 3, for any b = (b1, . . . , bn) ∈ Cn and z =
(z1, . . . , zn) ∈ Bnp such that Re〈b, ∂u∂z 〉 = 0, we have
2
p
Jf (z, b)
n∑
|bj |2|zj |p−2 − 2
p
Re
〈
Df (z)−1D2f (z)(b, b), ∂u
∂z
〉
j=1
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n∑
j=1
|bj |2|zj |p−2 − 2
p
∣∣∣∣
〈
Df (z)−1D2f (z)(b, b), ∂u
∂z
〉∣∣∣∣.
By Hölder’s inequality, we obtain
2
p
∣∣∣∣
〈
Df (z)−1D2f (z)(b, b), ∂u
∂z
〉∣∣∣∣
=
∣∣∣∣∣
n∑
j=1
wj · |zj |
p
zj
∣∣∣∣∣
n∑
j=1
|wj ||zj |p−1 
(
n∑
j=1
|wj |p
)1/p( n∑
j=1
|zj |(p−1)q
)1/q
= ∥∥Df (z)−1D2f (z)(b, b)∥∥
p
‖z‖p/q,
where Df (z)−1D2f (z)(b, b) = (w1,w2, . . . ,wn),1/p + 1/q = 1, therefore it follows
from (1) that
2
p
Jf (z, b)
n∑
j=1
|bj |2|zj |p−2 −
∥∥Df (z)−1D2f (z)(b, b)∥∥
p
‖z‖p/q

n∑
j=1
|bj |2|zj |p−2 −
∥∥Df (z)−1D2f (z)(b, b)∥∥
p
 0
for all b = (b1, . . . , bn) ∈ Cn and z = (z1, . . . , zn) ∈ Bnp such that Re〈b, ∂u∂z 〉 = 0. By
Lemma 1, we obtain that f ∈ K(Bnp), and the proof is complete. 
Remark 3. The case p = 2 of Theorem 3 has been obtained by Hamada and Kohr [5], but
our proof is different from theirs.
Example 7. Suppose that n 2, p  2 and k is a positive integer such that k < p  k + 1,
and let
f (z) = (z1 + a1zk+11 zk+12 , z2 + a2zk+11 , z3, . . . , zn).
If a1, a2 satisfy the following inequality{|a1|p[2k + 1 + k(k + 1)|a2|]p + |a2|p[k + (k + 1)(2k + 1)|a1|]p}1/p
 1 − (k + 1)|a1|[1 + (k + 1)|a2|]
k + 1 ,
then f (z) ∈ K(Bnp).
We may verify Example 7 by applying Theorem 3, however, we can not verify Exam-
ple 7 by applying Theorem 1 or Theorem 2.
Corollary 2. Suppose that p > 2 and f ∈ N(Bnp). Suppose that f satisfies
∥∥Df (z)−1D2f (z)(·,·)∥∥
p

(
n∑
|zj |−2
)1−p/2
(2)j=1
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∑n
j=1 |zj |−2)1−p/2 = 0 when at least one of zj (j =
1,2, . . . , n) be zero. Then f ∈ K(Bnp).
Proof. Suppose that b = (b1, . . . , bn) ∈ Cn and z = (z1, . . . , zn) ∈ Bnp . When zj = 0 for
j = 1,2, . . . , n, by Hölder’s inequality (k = 2/p < 1) and Jensen’s inequality (0 < r =
2/p < p/2 = s), we obtain
n∑
j=1
|bj |2|zj |p−2 
(
n∑
j=1
|bj |4/p
)p/2
·
(
n∑
j=1
|zj |−2
)1−p/2

(
n∑
j=1
|bj |p
)2/p
·
(
n∑
j=1
|zj |−2
)1−p/2
= ‖b‖2p
(
n∑
j=1
|zj |−2
)1−p/2
,
that is,
n∑
j=1
|bj |2|zj |p−2  ‖b‖2p
(
n∑
j=1
|zj |−2
)1−p/2
. (3)
When at least one of zj (j = 1,2, . . . , n) is zero, since 1 −p/2 < 0, we may define that
(
∑n
j=1 |zj |−2)1−p/2 = 0. In that case, it is evident that (3) holds.
From (2) and (3), we obtain
∥∥Df (z)−1D2f (z)(b, b)∥∥
p
 ‖b‖2p ·
(
n∑
j=1
|zj |−2
)1−p/2

n∑
j=1
|bj |2|zj |p−2,
for all b = (b1, . . . , bn) ∈ Cn and z = (z1, . . . , zn) ∈ Bnp such that Re〈b, ∂u∂z 〉 = 0. Hence by
Theorem 3, we obtain that f ∈ K(Bnp) and the proof is complete. 
Corollary 3. Suppose that p  2 and f ∈ H(Bnp) with f (0) = 0, Df (0) = I . If f satisfies
‖Df (z) − I‖p  c < 1 for each z ∈ Bnp , and
∥∥D2f (z)(b, b)∥∥
p
 (1 − c)
n∑
j=1
|bj |2|zj |p−2,
for all b = (b1, . . . , bn) ∈ Cn and z = (z1, . . . , zn) ∈ Bnp such that Re〈b, ∂u∂z 〉 = 0, then
f ∈ K(Bnp).
Proof. Since ‖Df (z) − I‖p  c < 1 for any z ∈ Bnp , then we obtain that Df (z) = I −
(I −Df (z)) is an invertible linear operator (see [10, p. 192]), and
∥∥Df (z)−1∥∥
p
 1  1 ,1 − ‖I −Df (z)‖p 1 − c
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and z = (z1, . . . , zn) ∈ Bnp such that Re〈b, ∂u∂z 〉 = 0, we have∥∥Df (z)−1D2f (z)(b, b)∥∥
p

∥∥Df (z)−1∥∥
p
∥∥D2f (z)(b, b)∥∥
p
 1
1 − c · (1 − c)
n∑
j=1
|bj |2|zj |p−2 =
n∑
j=1
|bj |2|zj |p−2.
From Theorem 3, we obtain that f ∈ K(Bnp) and the proof is complete. 
Theorem 4. Suppose that p  2, f ∈ H(Bnp) with f (0) = 0, Df (0) = I , and
∞∑
k=2
k2
k! ‖D
kf (0)‖p  1.
If for any b = (b1, . . . , bn) ∈ Cn and z = (z1, . . . , zn) ∈ Bnp such that Re〈b, ∂u∂z 〉 = 0, we
have
∥∥D2f (z)(b, b)∥∥
p

(
1 −
∞∑
k=2
k
k!
∥∥Dkf (0)∥∥
p
)
n∑
j=1
|bj |2|zj |p−2, (4)
then f ∈ K(Bnp).
Proof. Since f ∈ H(Bnp) and f (0) = 0,Df (0) = I , then we have
f (z) = z +
∞∑
k=2
Dkf (0)
k!
(
zk
)
,
Df (z) = I +
∞∑
k=2
kDkf (0)
k!
(
zk−1, ·)
for any z ∈ Bnp . Notice that the norm of symmetric k-linear operator Ak :
∏k
j=1 Cn → Cn
is
‖Ak‖p = sup
‖z(j)‖p=1,1jk
∥∥Ak(z(1), . . . , z(k))∥∥p,
we obtain
∥∥Df (z) − I∥∥
p

∞∑
k=2
k‖Dkf (0)‖p
k! 
1
2
∞∑
k=2
k2‖Dkf (0)‖p
k! 
1
2
for any z ∈ Bnp .
According to the hypothesis of Theorem 4, for any b = (b1, . . . , bn) ∈ Cn and z =
(z1, . . . , zn) ∈ Bnp such that Re〈b, ∂u∂z 〉 = 0, we have
∥∥D2f (z)(b, b)∥∥
p

(
1 −
∞∑ k
k!
∥∥Dkf (0)∥∥
p
)
n∑
|bj |2|zj |p−2.
k=2 j=1
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proof is complete. 
Remark 4. When p = 2, by a straightforward calculation, it is obvious that the inequal-
ity (4) holds, hence set p = 2 in Theorem 4, we get Theorem 2.1 of [9].
Notice that
∞∑
k=2
k
k!
∥∥Dkf (0)∥∥
p
 1
2
∞∑
k=2
k2
k!
∥∥Dkf (0)∥∥
p
 1
2
,
by Corollary 2 and Theorem 4, we have the following corollary.
Corollary 4. Suppose that p > 2, f ∈ H(Bnp) with f (0) = 0, Df (0) = I , and
∞∑
k=2
k2
k! ‖D
kf (0)‖ 1.
Suppose that for any z ∈ Bnp , we have
∥∥D2f (z)(·, ·)∥∥
p
 1
2
(
n∑
j=1
|zj |−2
)1−p/2
,
where (
∑n
j=1 |zj |−2)1−p/2 = 0 when at least one of zj (j = 1,2, . . . , n) be zero. Then
f ∈ K(Bnp).
In fact, according to the proof of Theorem 4, we have the following conclusion.
Corollary 5. Suppose that p  2, f ∈ H(Bnp) with f (0) = 0, Df (0) = I , and
∞∑
k=2
k‖Dkf (0)‖p
k! < 1.
If for any b = (b1, . . . , bn) ∈ Cn and z = (z1, . . . , zn) ∈ Bnp such that Re〈b, ∂u∂z 〉 = 0, we
have
∥∥D2f (z)(b, b)∥∥
p

(
1 −
∞∑
k=2
k
k!
∥∥Dkf (0)∥∥
p
)
n∑
j=1
|bj |2|zj |p−2,
then f ∈ K(Bnp).
Theorem 5. Suppose that Reλ−1 or Imλ = 0, and 0 <M Mλ, where
Mλ =
{ |λ+1|
|λ|+1+|λ+1| , if Reλ−1,
| Imλ|
, if Reλ < −1 and Imλ = 0. (5)|λ|+| Imλ|+1
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for any z ∈ Bn2 and b ∈ Cn with ‖b‖ = 1, then f ∈ K(Bn2 ).
Proof. Let u ∈ Bn2 \ {0} and fix it, we set w(z) = Df (z)(u) − u, then we have w(z) ∈
H(Bn2 ) with w(0) = 0.
In the following, we shall prove that∥∥w(z)∥∥ 1 −M|λ| + 1‖u‖ for any z ∈ Bn2 .
If not, then there exists z0 ∈ Bn2 such that
max
‖z‖‖z0‖
∥∥w(z)∥∥= ∥∥w(z0)∥∥= 1 −M|λ| + 1‖u‖.
It is obvious that z0 = 0, so by Lemma 3, there exists a real number t  1 such that
〈Dw(z0)(z0), w(z0)〉 = t‖w(z0)‖2. Setting b = z0/‖z0‖ in (6), we have∥∥D2f (z0)(z0, u)+ λ[Df (z0)(u) − u]∥∥M‖z0‖‖u‖.
Notice that Dw(z0)(z0) = D2f (z0)(z0, u), we have
|λ+ t |∥∥w(z0)∥∥2  ∣∣〈Dw(z0)(z0)+ λw(z0),w(z0)〉∣∣M∥∥w(z0)∥∥‖z0‖‖u‖.
Hence we obtain
|λ+ t | · 1 −M|λ| + 1‖u‖ = |λ+ t | ·
∥∥w(z0)∥∥M‖z0‖‖u‖ <M‖u‖.
It implies
M >
|λ+ t |
|λ| + 1 + |λ+ t | . (7)
Now we split into two cases to prove that M >Mλ.
Case 1. If Reλ−1, then we have
|λ+ t | =
√
(Reλ+ t)2 + (Imλ)2 
√
(Reλ+ 1)2 + (Imλ)2 = |λ+ 1|.
From (7), we obtain
M >
|λ+ t |
|λ| + 1 + |λ+ t | 
|λ+ 1|
|λ| + 1 + |λ+ 1| = Mλ.
Case 2. If Reλ < −1 and Imλ = 0, then we have
|λ+ t | =
√
(Reλ+ t)2 + (Imλ)2  | Imλ|.
From (7), we obtain
M >
|λ+ t |
|λ| + 1 + |λ+ t | 
| Imλ|
|λ| + | Imλ| + 1 = Mλ.
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Theorem 5. Hence∥∥Df (z)(u) − u∥∥ 1 −M|λ| + 1‖u‖,
that is,∥∥Df (z) − I∥∥ 1 −M|λ| + 1 < 1.
By Schwarz’s lemma, we obtain that∥∥Df (z) − I∥∥ 1 −M|λ| + 1‖z‖
for z ∈ Bn2 .
On the other hand, it follows from (6) that for any z ∈ Bn2 \{0} and b ∈ Cn with ‖b‖ = 1,
we have∥∥D2f (z)(b, b)∥∥ ∥∥∥∥D2f (z)(b, ·) + λ〈b, z〉‖z‖2
[
Df (z) − I ]∥∥∥∥+
∥∥∥∥λ〈b, z〉‖z‖2
[
Df (z) − I ]∥∥∥∥
M + |λ| |〈b, z〉|‖z‖2
1 −M
|λ| + 1‖z‖ 1 −
1 −M
|λ| + 1 .
Therefore, ‖D2f (z)(·,·)‖ 1− (1 −M)/(|λ| + 1). By Corollary 3 (p = 2), we obtain that
f ∈ K(Bn2 ) and the proof is complete. 
Setting n = 1 in Theorem 5, we have the following corollary.
Corollary 6. Suppose that Reλ  −1 or Imλ = 0, and f ∈ H(∆), 0 < M Mλ, where
Mλ is defined by (5). If for any z ∈ ∆, we have∣∣zf ′′(z) + λ[f ′(z) − 1]∣∣M,
then f ∈ K .
Example 8. Suppose that Reλ−1 or Imλ = 0, and n 2. Let a = (a1, a2, . . . , an), and
f (z) = (z1 + a1z2n, z2 + a2z21, z3 + a3z22, . . . , zn + anz2n−1).
If a satisfies the following inequality
‖a‖ Mλ
2(1 + |λ|) ,
where Mλ is defined by (5), then f (z) ∈ K(Bn2 ).
Proof. By straightforward calculating the Fréchet derivatives of f (z), we obtain
‖z‖2D2f (z)(b, ·) + λ〈b, z〉[Df (z) − I ]
=


2a1‖z‖2b2n + λ〈b, z〉 · 2a1znbn
2a2‖z‖2b21 + λ〈b, z〉 · 2a2z1b1
2a3‖z‖2b22 + λ〈b, z〉 · 2a3z2b2· · ·
2 2

 .2an‖z‖ bn−1 + λ〈b, z〉 · 2anzn−1bn−1
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= {∣∣2a1‖z‖2b2n + λ〈b, z〉 · 2a1znbn∣∣2 + ∣∣2a2‖z‖2b21 + λ〈b, z〉 · 2a2z1b1∣∣2
+ ∣∣2a3‖z‖2b22 + λ〈b, z〉 · 2a3z2b2∣∣2 + · · ·
+ ∣∣2an‖z‖2b2n−1 + λ〈b, z〉 · 2anzn−1bn−1∣∣2}1/2
 2
(
1 + |λ|)‖a‖√‖b‖2(|b1|2 + · · · + |bn|2)‖z‖2
= 2(1 + |λ|)‖a‖‖z‖2 Mλ‖z‖2.
Hence by Theorem 5, we obtain that f (z) ∈ K(Bn2 ). 
It is obvious that we can not verify Example 8 by applying Theorems 1 or 2.
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